In this paper we study the stability of equilibrium for a foreign trade model. Under this new approach we introduce some kind of memory into the system. Actually, we investigate the special case of three countries and assume that national income equals consumption outlays plus net investment plus exports minus imports. Then, delayed difference equations of third order are employed to describe the model while the respective solutions of third order polynomial correspond to the typical observed business cycles of real economy. Stability conditions are investigated while numerical examples provide further insight and better understanding.
Introduction
In this paper we study the stability of equilibrium for a foreign trade model. During the past decades, many sophisticated models have been proposed by other researchers [1] [2] [3] [4] [5] [6] [7] 11] . All these models use mechanisms involving monetary aspects, inventory issues, business expectation, borrowing constraints, welfare gains and multi-country consumption correlations. Our proposed modification succeeds to provide a more comprehensive explanation for the emergence of business cycles while also produce a stable trajectory for national income. Our foreign trade model for three countries is based on the following assumptions: 
The constant net investments G 1 , G 2 and G 3 may be fully controlled items.
Assumption 1.2.
Outlays for domestic consumption D i k of country i, for i=1,2,3 at time k, equal total consumption C k of the country i at time k minus imports
and by replacing (2) into (1)
Assumption 1.3. Outlays for domestic consumption D i k of country i, for i=1,2,3 at time k, depends on past income (only on last year's value) and on marginal tendency to consume, modeled with m ii , the multiplier parameter, where 0 < m ii < 1,
at time k, depends on past income (only on last year's value) and on marginal tendency to consume, modeled with m 12 , m 21 and m 13 the multiplier parameter, where 0 < m 12 , m 21 , m 13 < 1
Assumption 1.5. Since we consider three countries, the exports of one must be the linear sum of imports of the other two
Note that
where c 1 , c 2 , d 1 , d 2 , r 1 and r 2 constant and positive parameters.
The model
In order to obtain our model, first we solve the algebraic system (6). Thus we obtain
where
By replacing (7) into the above notations we arrive at
Furthermore by replacing (5) into (8) we get
Finally by applying the above notations and (4) into the system (3) we arrive at the following linear discrete time system
Where 
Stability investigation
For k ≥ 0 the solution of the system (11) is given from the formula
Where
is the equilibrium of equation (11) . In this section we will study necessary and sufficient conditions for the national income matrix T k to approach a matrix of constant equilibrium values independently of the initial matrix T 0 so that M k −→ 0 3,3 (i.e. each element of M k approach 0) as k −→ ∞. With 0 3,3 we denote the zero 3×3 matrix. Then for I 3 − M non singular
To discover conditions under which we may be sure that M k −→ 0 3,3 , we must study the characteristic values (eigenvalues) of the matrix M. Thus by investigating the stability of system (11) we arrive at the following theorem.
is asymptotically stable if and only if
and
Then
Where Tr(M) is the trace of the matrix M and det(M) the determinant of the matrix M.
Proof. The solution of the system (11) for k ≥ 0 is given from (12) . Since S e = (I 3 − M ) −1 G is a constant matrix, the stability depends of the eigenvalues of the matrix M. The characteristic equation of the matrix M is given from det(sI 3 − M ) = 0
Each element of M k approach 0 as k −→ ∞ (i.e. system (11) is asymptotically stable), if and only if all roots of the equation (21) lie within the open disk, s ∈ C : |s| < 1
With C we denote the set of the complex numbers. Since it is usually not necessary to find the exact solution of the algebraic equation (21) when the response is unstable, a simple procedure to determine the existence of roots with magnitude less than one is needed. Jury's criterion is a simple method of determing the number of these roots (see [8] [9] [10] ). Following rules have to be satisfied for the system to be stable:
4 Controllability and state feedback under the general model
We assume the system (11) under the assumption that net investments depend on time k and they are not constant , i.e.
Hence the system (11) takes the form
Where I 3 the identinty matrix 3×3 and G k a matrix 3×3 depending on time k. Since detI 3 = 1 = 0, we have
and the system (24) is fully controllable with state feedback of the form
Then the system takes the form 
(where µ 1 , µ 2 and µ 3 are the desired poles), we can set
with characteristic equation
We then compare this with the desired characteristic equation Φ(z) to get
or equal (11), we may determine the value of m 11 parameter such that the system is stable, i.e. in order to obtain asymptotic stability in the system of national economy. So, we use conditions of theorem (3. 
As we see all roots lie inside the unit circle. Now, we can further design the value for parameter m 11 targeting to a high speed response system. The speed of the system's response is basically characterized by the maximum value r of the following set We notice that as m 11 approaches the value 1.59, r approaches the value 1. For m 11 = 0.5 ± the system is stable and returns very fast to initial conditions.
Conclusion
In this paper we studied the stability of equilibrium for a foreign trade model of three countries. We assumed that national income equals consumption outlays plus net investment plus exports minus imports. Then we employed delayed difference equations of third order to describe the model, while the respective solutions of third order polynomial, correspond to the typical observed business cycles of real economy. he paper is not only a theoretical basic version of foreign trade model, but also a practical guide for controlling the parameters of national economy system. Further research is carried out for even higher order equations investigating qualitative results.
